Kinetic Equations and Fluctuations in Electrochemical Nucleation: Studies of many-Body Effects on Diffusion-Controlled particle Growth on a Substrate by Tokuyama  Michio & Enomoto  Yoshihisa
Kinetic Equations and Fluctuations in
Electrochemical Nucleation: Studies of
many-Body Effects on Diffusion-Controlled
particle Growth on a Substrate
著者 Tokuyama  Michio, Enomoto  Yoshihisa
journal or
publication title







Kinetic equations and fluctuations in electrochemical nucleation: Studies 
of many-body effects on diffusion-controlled particle growth on a substrate 
Michio Tokuyama 
Statistical Physics Division, Tohwa Institute/or Science, Tohwa University, Fukuoka 815, Japan 
Yoshihisa Enomoto 
Department 0/ Physics, Faculty a/Science, Nagoya University, Nagoya 464, Japan 
(Received 7 December 1990; accepted 12 March 1991) 
A new viewpoint on the kinetics of electrochemical nucleation of a new phase is presented by 
numerically solving the kinetic equations recently derived by one of the present authors 
(M.T.) to study the many-body effects on diffusion-controlled three-dimensional nucleus 
growth on a substrate. The static many-body (screening) effect is shown to cause the crossover 
of the growth exponent for the average nucleus radius from 1/2 to 1/6. Hence the electric 
current grows as t 112 at short times and falls with t - 112 at long times, according to the Cottrell 
equation. The dynamic many-body (correlation) effect is shown to give rise to a dispersion in 
the size of the nuclei and thus to cause appreciable corrections to the amplitudes for the radius 
and the current in the zero limit of volume fraction Q. The corrections go as Q 1I2t 113 and 
hence cause a large deviation of the average current from the Cottrell equation at long times. 
Nonthermal fluctuations around the mean motion generated by the correlation effect are also 
explicitly explored together with a comparison with thermal fluctuations existing at the 
beginning. A computer simulation is finally performed to confirm the validity of the kinetic 
equations. The theoretical results are shown to have excellent agreement with the simulation. 
I. INTRODUCTION 
The diffusion-controlled heterogeneous nucleation is 
encountered in many areas of electrochemistry. The experi-
mental study of electrochemical nucleation of metals from 
molten salts has a long history and is well established. 1-3 The 
average electrical current to the electrode is one of directly 
measurable quantities to describe the growth of nuclei. In 
the early stage of electrochemical nucleation the nuclei are 
assumed to grow independently of each other. Hence one 
meets with the problem of a single nucleus growth by diffu-
sion, where the average current grows as t 112. This problem 
has been studied theoretically by several authors.4-7 If the 
volume fraction Q of the nuclei is zero, the above result is 
valid even at long times. Since Q is not infinitely zero in any 
experimental observations, however, the spatial interactions 
among nuclei due to diffusion become important on some 
time after the early stage. Therefore, the growth of nuclei is 
no longer independent and the average current falls with 
t - 112, according to the Cottrell equation. Some theoretical 
attempts8- 11 have been made to describe such average cur-
rent-time transients by taking into account the many-body 
effect. Scharifker and Hills (SH)9 introduced an approach 
based on the concept of diffusion zones and obtained the 
current-time behavior similar to that observed in experi-
ments. Recently, Bobbert, Wind, and Vlieger 11 reexamined 
their concept and found a mathematical inconsistency in it. 
Hence they proposed an alternative theory, that is, a mean-
field theory, where only the static many-body (screening) 
effect of order Q 0 is discussed. They obtained the current-
time transients which differ from the SH theory, where the 
maximum deviation is at the 5% level. In both theories, 
however, the dynamic many-body (correlation) effect of or-
der Q 112 is ignored. In order to give a prediction in the size 
dispersion in the nuclei, therefore, Bobbert et al. 11 further 
carried out a computer simulation and predicted the form of 
a nucleus size distribution. Thus, they found the current-
time transients which differ from the mean-field theory. This 
difference results from the correlation among the nuclei. 
The correlations among nuclei have been ignored in the 
previous theoretical studies. However, it is important since it 
not only causes a size dispersion in the nuclei but also gener-
ates non thermal fluctuations around the mean motion. 
Quite recently, one of the present authors (M.T.) 12 has pre-
sented a statistical-mechanical theory of diffusion-con-
trolled growth of hemispherical nuclei on a substrate and 
derived the system of kinetic equations, to order Q 112, which 
enable us not only to describe the time evolution of the nu-
cleus size distribution/(R,x;t) with the radius R and posi-
tion x of the nucleus and also the time dependence of the 
average nucleus radius (R ) (t) and the average current I(t) 
but also to explore the dynamics of fluctuations from them 
explicitly. Thus, he showed that there are two kinds of many-
body effects due to the diffusive long-range interactions 
among the nuclei. One is a screening effect of order Q 0 which 
leads to the crossover of the exponents for (R ) (t) and I(t). 
The other is a correlation effect of order Q 112 which broad-
ens the nucleus size distribution, leading to a skewed Gaus-
sian distribution, and hence causes a noticeable correction to 
the amplitudes for the mean-field results obtained in the zero 
limit of the volume fraction. Therefore, the principal pur-
pose of the present paper is to investigate the asymptotic 
properties of such kinetic equations numerically and thus to 
clarify the importance of many-body effects on electro-
chemical growth of the nuclei from a new statistical-me-
chanical point of view. 
We consider a three-dimensional classical system with a 
volume V, in which N hemispherical nuclei are deposited 
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electrochemically onto a substrate (an electrode) immersed 
in a supersaturated solution (an electrolyte). The centers of 
nuclei are fixed in the surface of the substrate with area A, 
which is chosen in the x-y plane, and their distribution is 
assumed to be stationary. 
There are several mechanisms for transport of ions to an 
electrode surface, such as diffusion, electric migration and 
convection. In the present paper we restrict our attention to 
the case where diffusion is an only significant transport pro-
cesses. In fact, it is always possible to find such experimental 
systems in which precautions are taken to eliminate other 
transport mechanisms. We also restrict ourselves to the case 
of instantaneous nucleation where all nuclei are deposited 
onto the electrode at the initial time t = O. After the nuclei 
are deposited, the ions of the depositing material diffuse to 
them and are then discharged and deposited at their surface. 
Thus, the growth of nuclei is limited by diffusion. 
The present system has two kinds of characteristic 
lengths and times. 12 One is an average nucleus radius 
(R ) (t) and its related microscopic time To(t) = (R )2hrD, 
where D is the diffusion coefficient of the ions. The other is a 
screening length l(t), within which two nuclei have interac-
tions, and its related macroscopic time TI (1); 
let) = 1!(21T'n(R », T/(t) = 1211T'D, (1.1) 
where n = N I A is a number of nuclei per unit area. The 
initial total supersaturation is given by Q = (Cb - Cs)1 Pm' 
where Pm is the molar density of the material composing the 
nucleus, Cb the bulk concentration of depositing species in 
the electrolyte and Cs the surface concentration of deposit-
ing species. In this article we study the case where Q is small 
but not zero. Hence it is convenient to further introduce the 
time-independent lengths Re'/e and times T~,rr by 
Re = (2QI1T') 1/4/(21T'n) 112, T~ =R~/1T'D, (1.2) 
Ie = 1!(21T'nRe ), n = 1~/1T'D. (1.3) 
Then, we obtain 
1= 1./(a), To = T~(a)2, T/ = T~(a)2, (1.4) 
where (a) is a reduced (dimensionless) nucleus radius and 
is given by 
(a) = (R )IRe. ( 1.5) 
Here the lengths I and (R ) depend on time only through the 
reduced radius (a). Since n is of order Q 112, Re is of order 
(R) and hence (a) is of order 1. Thus, we find 
(R) =E= (2QI1T')II2(a)2«1, ~=~«1, (1.6) 
I ~ 
where E(t) is the area fraction of the hemispherical nuclei 
defined by 21T'n(R )2. 
As shown in 1,12 there are three characteristic stages in 
the system. At the initial time t = 0 the concentration fluctu-
ations produce nuclei on a substrate. On the time scale of 
order To and on the length scale of order (R ), the nuclei, 
which have reached an appreciable size, grow directly and 
independently from the supersaturated solution by diffu-
sion. This is an early stage of growth. Since the many-body 
effect is not important here, the kinetic process is described 
by the distributionf(R,x;t) which satisfies scaling, 
/(R,x;t) = (; ) {j(p - 1) 
with the temporal power laws 
(R)(t)-t l12, 1(t)-t- I12 , 
E(t) - t, 1(t) - t 112, 
where P is a relative nucleus radius given by 




On the time scale of order T/ and on the length scale of order 
I, the nuclei separated by a distance of order I start to interact 
through diffusion and hence their growth is no longer inde-
pendent. This is an intermediate stage. Two kinds of many-
body effects become important in this stage. One is a screen-
ing (static) effect of order ~, which becomes important on 
the time scale of order T/. The otheris a correlation (dynam-
ic) effect or order E, which becomes important on the time 
scale of order TL = T/IE. The size distribution satisfies scal-
ing 
n 
/(R,x;t) = (R ) F/ (p,xll,t IT~;E) ( 1.10) 
with the temporal power laws 
(R )(1)_t Il6, /(t)-t -1/6, 
E(t)-t ll\ 1(t)-t- I12, (1.11) 
where the relative nucleus size distribution F/ (p,xll) is a 
function to be determined. As is seen from Eqs. (1.8) and 
( 1.11 ), there is a crossover of the growth exponents. This 
results from the screening effect. As is also seen from Eqs. 
( 1.7) and (1.10), there is a dispersion in the size of the nu-
clei, leading to the E dependence of the distribution. This 
results from the correlation effect. 
On the time scale of order TL = T/I E and on the length 
scale of order I L = II E 1I2, the degree of the supersaturation 
becomes very slight and the growth process becomes slow 
compared to diffusion. Hence the spatial inhomogeneity in 
the system is negligible, leading to/(R,x;t) =/(R,T). This 
is a late stage. The distribution satisfies scaling 
/(R,t) = _n_F(p,t In;E) (1.12) 
(R) 
with the temporal power laws (1.11). As shown in I, the 
relative nucleus size distribution F(p,t) obeys a Fokker-
Planck type kinetic equation while the average radius (R ) is 
described by the growth law equation, where both equations 
are coupled. Since the present theory does not contain any 
adjustable parameters, therefore, the time evolution of 
F(p,t) and (R ) (t) (or 1(t» are obtained by just solving 
such coupled equations under appropriate boundary condi-
tions. The detailed analysis is discussed in Sec. III. 
Finally we should mention that although the growth of 
the nuclei is controlled by diffusion, its mechanism is differ-
ent from that of Lifshitz and Slyozov, known as Ostwald 
ripening. 13 This is due to the fact that the boundary condi-
tions at the surface of the nucleus are different from each 
other. In the present case the surface concentration is as-
sumed to be constant, while in the Ostwald ripening it is a 
decreasing function of nucleus size, known as Gibbs-
Thompson relationship. In the late stage, therefore, the for-
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(R > 1/6 d-J t - 1/2 d mer leads to the growth laws - t an - , an 
hence the relative nucleus size distribution function F(p) is a 
time-dependent function of p, while the latter leads to 
(R > - t 1/3 and I = 0, and hence F(p) becomes an time-in-
dependent function of p. 
In Sec. II we summarize the basic equation and concepts 
which are used in the present paper. In Sec. III we solve the 
kinetic equation for the single nucleus size distribution func-
tion numerically and investigate the time dependence of the 
average nucleus radius and the average electrica~ current. ~n 
Sec. IV the fluctuations around the mean motIon are dIs-
cussed and the correlation function for the fluctuating cur-
rent are obtained. In Sec. V the results of computer simula-
tions are presented. Section VI is devoted to the summary 
and some remarks. 
II. BASIC EQUATIONS 
Here we describe a derivation of a model equation to 
study a diffusion-controlled electrochemical nucleation, 
which was recently derived in I. 
The molar concentration field of the ions is described by 
the diffusion equation 
!... C(r,t) = DV2C(r,t) (2.1) at 
with the full initial and boundary conditions 
C(r,O) = C(lrl = oo,t) = Cb , (2.2) 
C(r = rot) = Cs ' (2.3) 
where D is the diffusion coefficient of the ions, Cb the bulk 
concentration of depositing species in the electrolyte, and Cs 
the surface concentration of depositing species. Here r; de-
notes the position vector from the origin to a point on the 
surface of the ith nucleus and is given by r; = X; + R; (t), 
where X = (X;,YoO) is the position vector from the origin 
to the ce~ter of the ith nucleus, and R; (t) is the radius vector 
from the center of the ith nucleus to a point on its surface. 
We now derive the equation of motion for the radius of 
the ith nucleus, R; (t). Since the conservation of mass holds 
for each nucleus, the time evolution of the mass of the ith 
nucleus is described by 
where 0; denotes the orientation of the vector R;, D; the unit 
normal vector, and S; the surface of the ith nucleus over 
which the integral is taken. By adding an appropriate source 
term to Eq. (2.1), the boundary conditions (2.2) and (2.3) 
can be eliminated from Eq. (2.1). As shown in I, by solving 
such a diffusion equation and inserting its formal solution 
into Eq. (2.4), on the length scale of order I and on the time 
scale of order TJ> we thus obtain 
(2.5) 
with the strength of interaction between the concentration 
field and the ith nucleus located at position X; 
(2.6) 
where the free propagator go is given by 
go (x,t) =exp[ -lxI 2/4Dt]!(41TDt)312. (2.7) 
Equation (2.5) consists of two kinds of effects on growth. 
The first is an effect due to a direct diffusion flow to the 
nucleus i. This is given by the first term ofEq. (2.6), which is 
of order ~. The second is a many-body effect due to the 
spatial long-range interactions among the nuclei separated 
by a distance of order I. This is given by the second term of 
Eq. (2.6), which contains the higher-order terms in €. 
A directly measurable quantity for the growth rate of 
the nuclei is the electrical current to the electrode. The net 
current J(t) is given by 
N d (21TR.(t)3) 
J(t) = (ZFpm ) ;~1 dt ~, (2.8) 
which is combined with Eq. (2.5) to obtain 
J(t) = (ZFpm) (21TQD)R; (t)M; (I), (2.9) 
where Z is the electrical valence of the ions, and F the charge 
of 1 mol of electrons. Let us introduce the current density 
J(r;t) by 
J(t) = (ZFpm) f J(r;t)dr. (2.10) 
We then split it up into two parts, the average current density 
J(r;t) and the fluctuating current density M(r;t); 
J(r;t) = J(r;t) + M(r;t). (2.11 ) 
By taking the average ofEq. (2.8) over the initial ensemble 
Po ({R; (O),X; CO)}), we obtain 
J(r;t) = 8(z) f dR C1T: 3) :tf(R,x;t) (2.12) 
with the single nucleus distribution function 
f(R,x;t) = N(R,x;t) , (2.13 ) 
where NCR,x;t) is the nucleus number density with radius R 
and at the position x = (x,y,O) and is given by 
N 
N(R,x;t) = L 8(R - R; (I) )8(x - Xi (0». (2.14) 
i= 1 
Here the bar denotes the average over the initial ensemble 
Po. Introducing a Fourier transform of M(r;t) by 
Mk (t) = f dr exp( - lk·r)MCr;t), (2.15) 
we can write the fluctuating current density as 
8ik (I) = f dR C1T: 3}p(kR )~Nq (R;t) 
with a structure factor of a single nucleus 
t/J«() = 3(sin () - () cos ()I() 3, 
and the fluctuating number density 
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oN(R,x;t) = N(R,x;t) - [(R,x;t) , (2.19) 
where r = (x,Y,z), x = (x,y,O), k = (kx,ky,kz )' and 
k = Ikl. Here q denotes a scaled wave vector given by 
q = (kxl,kyl,O), q = I q I = l(k; + k ~) 112. (2.20) 
In order to find the net current I(t), we thus need to 
discuss both the time evolution of the single nucleus distribu-
tion function [(R,x;t) and that of the fluctuations 
()N(R,x;t). The fluctuations are small as compared to the 
causal motion; I{)N I[I-IM ill-E II2 • However, it is in-
dispensable to explore the dynamics of the fluctuations ex-
plicitly since the derivation and validity of the kinetic equa-
tion for [(R,x;t) is closely related to their asymptotic 
behavior. They are also important since they may be observ-
able as a current density correlation function O[k (t)2. This 
will be discussed in Sec. IV. 
Equation (2.5) is a starting equation to study the diffu-
sion-controlled nucleus growth on the substrate and the dif-
fusion-limited current from a microscopic viewpoint. Be-
cause of the long-range interactions among nuclei, however, 
it is beyond our capacity to deal with that equation analyti-
cally, although it is possible to solve it numerically by com-
puter simulations. Therefore, we must reduce it to obtain 
macroscopic equations, which we can reasonably analyze. 
As shown in I, this was done by employing two kinds of 
coarse-graining procedures; an averaging procedure over 
the nucleus configurations and a systematic expansion pro-
cedure in powers of E, namely, the ratio of the average radius 
(R ) and the screening length I. Thus, the system of kinetic 
equations for the distribution functions were derived from 
Eq. (2.5). Those equations enable us to describe not only the 
causal motion of the nucleus growth but also the fluctuations 
around it. In the following sections we summarize such ki-
netic equations and solve them numerically. 
III. KINETIC EQUATION IN THE LATE STAGE 
In the present section we briefly summarize the kinetic 
equation for the single nucleus distribution function[(R,x;t) 
and analyze it numerically. Thus we discuss an importance 
ofthe many-body effect on the transient behavior of the aver-
age nucleus radius (R ) (t), and the average current [( r; t) . 
Differentiating the distribution [(R,x;t) given by Eq. 
(2.13) with respect to t and using Eq. (2.5) one can find the 
BBGKY-like hierarchy equations for the distribution func-
tions. Then, one can achieve the systematic expansion in 
powers of E to truncate such hierarchy equations. In the late 
stage where t > TL and I r I ~ I, the distribution function 
[(R,x;t) becomes homogeneous in space, leading to 
fiR,x;t) =[(R,t). As shown in I, we thus obtain the 
Fokker-Planck type equation for [(R,t), to order E, 
a a 1 { - [(R,t) = QDA (1')- - - 1 + K(1l2 - p) 
at aR R 
[ 
112 a I]} +K p+--- [(R,t) 
Il- I ap p 
(3.1 ) 
with 
A(1') = I_i.!?' d1" (a) (r')A(1") , (3.2) 
1TJo (1' - 1") 112 
K(E) =ESa'" dxJo (x)ln[(x+2E)/2E], (3.3) 
E(1') = (2Qhr) 112(a) (1')2, (3.4) 
whereJo (x) is a zeroth-order Bessel function, andp, a, and l' 
are the dimensionless variables defined by 
p = R I(R) = al(a), a = R IRe' l' = tin. (3.5) 
Here the coefficient Il m represents the mth moment given by 
Ilm = (pm) (1') = Sa'" dRpm[(R,t)/n (3.6) 
with the number density of nuclei per unit area 
n = fa'" dR[(R,f). (3.7) 
Here we should note that Eq. (3.1) depends on the surface 
fraction E only through the small parameter K given by Eq. 
(3.3), where E is also a function of Q and l' [see Eq. (3.4)]. 
Equation (3.1) is a kinetic equation which describes the 
diffusion-controlled three-dimensional growth ofhemisphe-
rical nuclei in the late stage and has derived by none of the 
previous authors. We remark here that Eq. (3.1) does not 
contain any adjustable parameters. Therefore, the distribu-
tion function[(R,!) can completely be determined by solv-
ing it self-consistently so as to satisfy the boundary condi-
tions Ilo = III = 1. 
By using Eq. (3.1), we obtain the growth law 
~(a3) = ~A (a). (3.8) 
d1' 2 
From Eqs. (2.12) and (3.1), we can then write the average 
current density as 
[(r;t) = (21TnQDR e )o(z)i( 1') 




We note here that the reduced current (3.10) does not de-
pend on the parameter K explicitly even on the time scale of 
order TL but does depend on it implicitly only through the 
average reduced radius (a). 
In Eq. (3.1) there are two kinds of many-body effects on 
growth due to the spatial long-range interactions among the 
nuclei separated by a distance of order I. One is the screening 
(static) effect. This is given by the second term ofEq. (3.2), 
which is of order Ko and becomes important on the time scale 
of order TI . The other is the correlation (dynamic) effect. 
This is given by the third term ofEq. (3.1), which is of order 
K and becomes important on the time scale of order 
TL = TIlE. As is seen later, at long times this causes an 
appreciable correction to the mean-field results obtained in 
the zero limit of the volume fraction. We should note here 
that there is a screening effect of order K, which is given by 
the second term ofEq. (3.1), K(1l2 - p), but it does not play 
any important role in growth by itself. In the following, 
therefore, we investigate an importance of such many-body 
effects on growth by solving Eq. (3.1) numerically. 
Before we make a numerical analysis of Eq. (3.1), we 
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briefly discuss its asymptotic behavior for small time t 
(t«T[,'T«'TI ) and for large time t (t~TL' 'T~'TL)' where 
'TI = TIIT~ and 'TL = 'TIlE. Let us define a relative nucleus 
size distribution function F(p,r,K) by 
f(R,t) = [n/(R )JF(p,'T;K). (3.11) 
Use ofEq. (3.6) then leads to the boundary conditions 
1'" F(p)dp = 1'" pF(p)dp = 1. (3.12) 
For small 'T ('T«'TI ) the many-body effects (both screening 
and correlation effects) are not important. Hence the inte-
gral on the right-hand side of Eq. (3.2) and the correction 
term of Eq. (3.1) can be negligible. Then, we find 
F(p,r,K) = {)(p - 1), (3.13a) 
and the temporal power laws 
(a)(1') = 1'112, i('T) = 'T1I2, (3.13b) 
where we put (a) (0) = O. 
For large 'T ('T~ 'TL ) the screening effect and the correla-
tion effect are both important. Since the parameter K be-
comes constant and A - 0 for large time, we obtain the 
asymptotic distribution function 12 
F(p,r,K) = F'" (p;K) 
= p exp [ - (p2 _ b) 21 4c 1/ 
f" dp p exp [ - (p2 - b) 2/4c ], 
(3.14a) 
and the temporal power laws 
(a) C 1') = (9r/1l~) 116, iC 1') = 1'- 112, C3.14b) 
where b = KIl21l31 Il- I and c = 113 (1 - KIl2 ). At long 
times, therefore, the current falls with 1'- 112, according to 
the Cottrell equation and the first-order correction term 
goes as K - Q 1121'113. Here we note that the asymptotic distri-
bution function F '" (p;K) depends on the reduced time 'T only 
through the small parameter K. 
We see from Eqs. (3.13b) and (3.14b) that the screen-
ing effect of order KO alters the qualitative behavior of the 
temporal powers laws for the nucleus radius (R) and the 
average current I(t), while the many-body effects of order K 
do not alter it but changes their quantitative behavior, lead-
ing to the K dependence. 
Now we solve the second-order differential equation 
(3.1) self-consistently so as to satisfy Eq. (3.12). We first 
introduce a dimensionless distribution function G(a,1') by 
f(R,t)dR= (VIAR~)G(a,1')da, (3.15) 
which is combined with Eq. (3.11) to give 
F(p,1';K) = (a)G(a,'T) ff" G(a,1')da. (3.16 ) 
By using the dimensionless variables (3.5), we can then re-
write Eq. (3.1) as 
~ G(a,'T) = A( 'T) ~ J... 
a'T 2 aa a 
X-I + KIl2 1 + ---- - G(a,1'). { [ 
(a)2 a I]} 
Il- I aa a 
( 3.17) 
In terms of the dimensionless variables this equation is de-
fined on the two-dimensional domain (a,'T)E[O, (0) 
X [0,(0). We can solve such an equation numerically by 
using the following discrete approximation on a lattice as 
0<a l <a2 <"',0<'TI <1'2<'" (3.18) 
with the equal spacing !l.a (i.e., an = n!l.a) and the discrete 
time with the variable step size !l.1'j ( i.e., 'Tn = ~ j = I !l. 'Tj ). 
Since the computational errors generally introduce some 
variations in the volume fraction Q, the sizes of the time steps 
!l.'Tj are automatically adjusted in such a way to satisfy Eq. 
(3.18) within a 98% accuracy at each step. Hereafter we set 
!l.a = 10 - 3(a) (1') and !l.'TI = 10 - 3. In order to solve the 
partial differential equation (3.17), we use the standard im-
plicit formula (cf. Ref. 14). As the initial distribution func-
tion, we choose the normalized Gaussian distribution with 
the average 0.01 and the varianceO.15. Here we note that the 
results obtained below are not changed qualitatively even for 
different parameter values and initial conditions. 
In Fig. I we show the relative nucleus size distribution 
function F(p,1' ;K) at Q = 0.01 for the various reduced time, 
l' = 0, 1,5, and 10. We also show the asymptotic distribution 
function (3.14a) at 'T = 10 for comparison, which is indicat-
ed by the dashed line. In Fig. 2 the volume fraction depend-
ence of the distribution function is shown at the reduced time 
'T = 10 for three different values of the volume fraction, 
Q = 0.0001,0.001, and 0.01. As Qincreases, the distribution 
function broadens and the position of its peak height shifts to 
right. Here we see from Eq. (3.13a) that the distribution 
function becomes {) function at Q = O. 
In Fig. 3 we show the time evolution of the reduced 
average nucleus radius (a) (1') for three different values of 
the volume fraction, Q = 0,0.0001, and 0.01. As discussed 
before, the crossover of the growth exponents is observed 
around the reduced time 'T = 1. For time scale smaller than 
'T = 1 the average radius (a) ('T) grows as 'T1I2, while for time 
scale larger than l' = I it grows as 1'116. This crossover results 
only from the screening effect of order KO. Here we note that 





o o~.~o =-..w:;----!--=---~,..,.----:!2.0 
FIG. 1. The relative nucleus size distribution function F(p,1' ;Q), Eq. 
(3.16), vs the relative nucleus size p at the volume fraction Q = 0.01 for 
four different values of the reduced time, l' = 0, 1,5, and 10. The dashed line 
indicates the asymptotic solution (3.14a) at l' = 10. 
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FIG. 2. The relative nucleus size distribution function F(p,r ;Q), Eq. 
(3.16), vs the relative nucleus size p at the reduced time r = 10 for three 
different values of the volume fraction, Q = 0.0001, 0.001, and 0.01. 
F(p,r;K) = 6(p - 1), leading to f.ln = 1. Therefore, Eq. 
(3.8) reduces to 
(dld1')(a)2=A, (3.19) 
where A is given by Eq. (3.2). Hence the result for Q = ° is 
given by a solution ofEq. (3.19). 
In Fig. 4 we show the time evolution of the reduced 
current i( 1') for three different values of the volume fraction, 
Q = 0,0.0001, and 0.01. For comparison we also plot the 
result obtained by Scharifker and Hills (SH),9 which can be 
written, in our notation, as 
(3.20) 
We note that Eq. (3.20) does not depend on Q. When Q = 0, 
Eq. (3.10) reduces to the bare reduced current 
io(r) =A(r)(a), (3.21) 
where (a) is determined by Eq. (3.19). Equation (3.19) 
coincides with the mean-field result obtained previously by 






FIG. 3. A plot of the normalized ratios of reduced nucleus radius {a) (r), 
Eq. (1.5), vs the reduced time r for three different values of the volume 
fraction, Q = 0, 0.0001, and 0.01. 
"l 




Q a.!-.=-a ---'------:-s.-=-a---'------!la.a 
1: 
FIG. 4. The reduced current i(r), Eq. (3.10), vs the reduced time r for 
three different values of the volume fraction, Q = 0, 0.0001, and 0.01. SH 
indicates the result obtained by Scharifker and Hills (Ref. 9). 
their numerical result does not agree with the present one. 
This may be due to the fact that the convergence of their 
power series procedure is not sufficiently rapid for 1';>2.8. 
Table I shows the peak position 1'MAX of the reduced 
current and its peak height iMAX for different values of the 
volume fraction Q. As Q increases, T MAX becomes smaller 
and iMAX higher. 
As shown in Figs. 3 and 4, the correlation effect changes 
only the quantitative behavior of (R ) and i( 1') but it does 
not alter their temporal power laws. However, it promotes 
the onset time of the crossover (see Table I). It becomes 
important for time scale larger than l' = 1. The Table II 
shows the percentage of the correction due to the many-body 
effect to the bare reduced current io (T) for different reduced 
values of Qat T = 1,2,4, and 8. 
IV. FLUCTUATIONS IN THE LATE STAGE 
In the present section we discuss the fluctuations in the 
late stage. As shown in I, the fluctuations around the causal 
motion are small as compared to the mean value, leading to 
16N III-1M 171_E(d-2)12~ 1 when d = 3. However, 
they are still important since they may be observable as a 
current density correlation function 8Ik (t)2, where the 
fluctuating current density Mk (t) is given by Eq. (2.16). As 
will be shown in a subsequent paper, they could also be mea-
sured as a structure function by scattering experiments. 
TABLE I. The peak position r MAX and the peak heightiMAx of the reduced 
current i( r) at different values of Q. The result of SH is also shown for 
comparison. The percentage indicates the deviation of the peak height from 
that of the bare current. 
Q 'TMAX iMAX % 
0 1.400 0.597 0.0 
1.0 X 10- 4 1.357 0.627 5.03 
1.0XIO- 3 1.318 0.635 6.37 
1.0X 10- 2 1.295 0.653 9.38 
SH 1.250 0.638 6.87 
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TABLE II. The percentage of the correction due to the many-body effect to 
the bare reduced current io (1') for different values of Q at l' = 1,2,4, and 8. 
The deviation of the result of SH from io is also shown for comparison. 
(%) 
Q 1'=1 2 4 8 
1.0 X 10-' 5.2 5.4 5.7 8.1 
1.0 X 10- 3 6.3 6.6 7.8 10.9 
1.0X 10- 2 9.0 9.3 12.9 19.3 
SH 9.8 5.3 3.4 2.4 
Differentiating Eq. (2.18) with respect to t, using Eq. 
(2.5) and eliminating irrelevant variables by averaging over 
the nucleus configurations, one can obtain a nonlinear sto-
chastic equation for 8N. Since 18N / f I - EI12, one then em-
ploys the same systematic expansion procedure in powers of 
E as that used in the derivation of Eq. (3.1). As shown in I, 




= QD)'~ _1_{ - m(q,pl )8Nq (R I ,t) 
aRI RI 
- K J dP2 [v(q,PI ,P2) - A(q,PI ,P2) ]8Nq (R 2,t)} 
+ 1/q(R,t) (4.1) 
with the screening terms 
F(PI) J 
m(q,PI) = 1 - --- dP2 P2 P12' 
q+l 
[ 
~ F(PI) ] 
V(q,PI,P2) = (P2 - f-l2) U(PI - P2) - q + 1 P2 
and the correlation term 
[ 
f-l2 1 a] A(q,Pl>P2) = P2 ------
f-l- I P2 ap2 
X [8(PI -P2) - F(PI) P2]' 
q+l 
where the Gaussian random force 1/q (R,t) satisfies 
1/q (R,t)1/q (R ',t') 
= QD)'8(t - t') 
X [~_1_ E (p' p·t) + ~..!.. E (p p,.t)] 




1/q (R,t) = 1/q (R,t)8Nq (R ',0) = o. (4.5) 
Here the source term Eq (P2 ,PI;t) is given by 
Eq (P2 ,PI;t) 
_ EK [ PI Jd' 1 {G( , ) F(P2) 
- 21T(R )4 21T/3 q q' + 1 q - q ,p2,p1 - q + 1 
X JdP3P3G(q',P2,PI)} + {8(PI-P2) -P~::)} 
with the pair correlation function 
1 
G(q,P2,PI) = --1 V(q,p2,PI) (1 + P12 ) 
q+ 
a 1 
X:.;- -PIF(PI )F(P2)' (4.7) 
cJP2 P2 
where P12 denotes the exchange operator between 1 and 2, 
and V is an operator given by 
V(q,P2,p1) 
= roo dxexp [ -x(1 +P12 ) ~..!..m(q,p2)]' Jo ap2 P2 
(4.8) 
Equation (4.1) is a linear Langevin equation which 
complements the deterministic equation (3.1) and describes 
the fluctuations in the late stage. The random force 1/q is 
generated by the correlation among the nuclei and is of order 
E. Therefore, there are two kinds of macroscopic fluctu-
ations. The first is an initial fluctuation 8Nq (R,O) which 
originates from the thermal fluctuations already existing at 
the beginning. The second is a nonthermal fluctuation gener-
ated by the random force 1/q (R,t). Hence the effects of those 
fluctuations on the dynamics of the correlation function 
8Ik (t)2 are expected to be different from each other. We 
discuss this next. 
As shown in I, by using Eqs. (2.16) and (4.1), we can 
write the current density correlation function, to order K, as 
8/k (t)2 = 21TE(QDA)2C(p,q,T ;Q) 
with the scaled correlation function 
C(p,q,T ;Q) = ho (p,q,T ;Q) + Khl (p,q,T ;Q), 
ho(p,q,T) =H22 - 3Hll H 21 /(q+ 1) 
(4.9) 
(4.10) 
+ 2f-l2H~I/(q + 1)2 + f-l2H~1 q/(q + 1 )3, 
hi (p,q,T) = ~I {I + ~2 [H~I - Hil / 
(q + 1)2]}q/(q + 1), 
wherep = Ipl, p = k(R), and 
Hmn (p) = (pm [sin(pp)/(pp) r), 
~I (p) = t2/3)Hol [(f-l2/f-l-1) 
X (6H21 + (p2q;» - (pst/!)], 






Here the function ho is related to the initial fluctuations, and 
the function hi comes from the source term Eq generated by 
the correlation among the nuclei. 
The correlation function C(p,q) is scaled by two kinds 
of characteristic lengths, (R ) and I, leading to a function of 
two variables p = (p) and q = Iql, where p and q are the 
scaled wave vectors given by p = (Px,Py,Pz) = k(R) an 
q = (kxl,kyl,O). Hence the long-wavelength components of 
the fluctuations are governed by the processes with the 
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length I, while the short-wavelength components are domi-
nated by the processes with the length (R ). In fact, from Eq. 
(4.10), we find the asymptotic forms [Note that both Eqs. 




C(p,q) ex: _ 2 
P , 
for p<q<l, 
for q>pp>p 1. 
( 4.16) 
Finally we discuss the numerical results for the correla-
tion function. Defining a new variable fJ by cos fJ = pz/p, 
where 0<fJ<rr/2, we can write q as q = p sin fJ /E. Here fJ 
denotes the angle between the z axis and the radial direction 
of the scaled wave vector p. Hence the scaled correlation 
function C(p,q,r) becomes a function of p, fJ, and r. Let us 
introduce a normalized function by 
s(p,fJ,r ;Q) = (2rr)2C(p,fJ,r) /1'" dp 
('T/2 
Xp2Jo dfJsin fJC(p,fJ,r) , ( 4.17) 
where the function 5 is normalized as 
(2rr) - d Jdp s(p,fJ) = 1. In Figs. S-7 we show the normal-
ized correlation function s(p,e,r ;Q) for different values of 
the parameter r, e, and Q. In Fig. S it is plotted at r = 10 and 
e = rr/2 (pz = 0) for two different values of the volume 
fraction, Q = 0.0001 and 0.01. Its peak height becomes low-
er as Q increases. The dashed lines indicate the results with-
out the correction term hi due to the correlation effect 
among nuclei. The correlation effect makes the function 5 
narrower and higher. 
In Fig. 6 the function 5 is plotted at Q = 0.01 and 
e = rr/2 for two different values of the reduced time, r = S 
and 10. Its peak height also becomes lower as r increases. In 
Fig. 7 it is plotted at r = 10 and Q = 0.01 for three different 
values of the angle fJ, fJ = 1T/2, rr/4, and O. Its peak height 
increases as the angle fJ increases from e = o. 
V. NUMERICAL SIMULATION 
In the present section we simulate Eq. (2.S) with Eq. 









FIG. 5. The normalized correlation function t(p,e,r), Eq. (4.17), vs the 
scaled wave vector p at the reduced time r = 10 and e = rr/2 for two differ-
ent values of the volume fraction, Q = 0.0001 and 0.01. The dashed lines 
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FIG. 6. The normalized correlation function t(p,e,r), Eq. (4.17), vs the 
scaled wave vector p at the volume fraction Q = 0.01 and e = rr/2 for two 
different values of the reduced time, T = 5 and 10. 
Sec. III. The procedure of the present simulation is similar to 
that of Ref. IS. The outline is as follows. We first define the 
dimensionless variable by 
(S.l ) 
We next choose the initial reduced radii a; (0) so as to repro-
duce a given initial nucleus size distribution function, where 
i = 1 ~N(O), N(O) being the number of the initial nuclei. 
Then, we distribute those N(O) nuclei randomly in a two-
dimensional system, where the dimensionless system area is 
given by 
A (1 N(O) 4rr )213 
S=-2 = - I -a;(0)3 . 
R e Q ;~ 1 3 
(S.2) 
In order to avoid the boundary effects, we further impose the 
periodic boundary conditions. In the present simulations, 
the number of the initial nuclei, N(O), is taken to be 10\ 
which is limited by the availability of the computational time 
and storage capacity. The dimensionless time step and the 








FIG. 7. The normalized correlation function t(p,e,T), Eq. (4.17), vs the 
scaled wave vector p at the reduced time r = 10 and the volume fraction 
Q = 0.01 for three different values of the angle B, B = 0, rr/4, and rr/2. 
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used in Sec. III. We integrate the growth equation (2.5) by 
using the simple Euler method. During the computation, the 
volume fraction Q is numerically checked to be conserved 
within 96% accuracy. 
In Fig. 8 we show the histogram of the relative nucleus 
size distribution function for Q = 0.01 at 7 = 10. By the sol-
id line we also show the analytical result for comparison (cf. 
Fig. 2). In Fig. 9 the time evolution of the reduced average 
nucleus radius is plotted by dots for Q = 0.01. The solid line 
indicates the analytical one (cf. Fig. 3). The reduced current 
I( 7) is calculated by using the following equation 
2 1 N(O) d 
f(7) =--- L --a; (7)3. (5.3) 
3 N(O) ;= I d7 
In Fig. 10 the time evolution of the current I( 7) is shown by 
dots for Q = 0.01, where the solid line is the analytical one 
(cf. Fig. 4). 
We see from the above results that the kinetic equation 
(3.1) can describe the asymptotic behavior of the late-stage 
growth well. Finally we should comment on the possibility 
of overlap of growing nuclei. In our theoretical analysis dis-
cussed in the previous sections we do not consider the over-
lap of nuclei. In order to avoid such an overlap in the present 
simulation, therefore, we take the 20 simulation runs inde-
pendently, which have no overlaps until 7 = 10, and average 
them to obtain the above results. 
VI. SUMMARY AND SOME REMARKS 
The main purpose of the present paper was to investi-
gate the asymptotic properties of the kinetic equation (3.1) 
and thus to clarify the importance of the many-body effect 
due to the diffusive long-range interactions among nuclei in 
the late stage. In Sec. III, therefore, we have solved Eq. (3.1) 
numerically. Thus we have shown that on the time scale 
larger than 7 = 1 the many-body effects cause significant 
changes in the growth of nuclei qualitatively and quantita-
tively. First, the screening effect of order KO, which is given 
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FIG. 8. The relative nucleus size distribution function F(p,r ;Q) vs the rela-
tive nucleus size p at the reduced time r = 10 for Q = 0.01. The histogram 
indicates the result ofthe simulation and the solid curve the analytical result 
(cf. Fig. 2). 
'b 
0' 
FIG. 9. A plot ofthe normalized ratios of reduced nucleus radius (a) (r) vs 
the reduced time rfor Q = 0.01. The dots indicate the result of the simula-
tion and the solid curve the analytical result (cf. Fig. 3). 
crossover of the growth exponent of the average nucleus ra-
dius (R ) from 1/2 to 1/6 (see Fig. 3). Hence the exponent 
of the average current i(t) also changes from 1/2 to - 1/2. 
Second, the correlation effect of order K, which is given 
by the third term ofEq. (3.1), is shown to alter the quantita-
tive behavior of F(p,7) (see Fig. 2) and thus to cause appre-
ciable corrections to the amplitudes for the radius (R ) and 
the current IU) obtained in the limit of zero volume frac-
tion at long times (see Figs. 3 and 4), while the correction 
due to the screening effect of order K is less than 1 %. The 
currents are expected to decrease with t - 1/2 at long times, 
according to the Cottrell equation. However, the currents 
larger than the Cottrell equation are experimentally found at 
long times. 16 Several effects, such as an edge effect l7•18 and 
natural convection, 16 have been considered to explain such a 
large deviation. As discussed in I, however, the effect of the 
convection is of order Q, while the correlation effect is of 
order Q 112. Therefore, it becomes important on time scale 
much longer than the time scale of order tL on which the 
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FIG. 10. The reduced current i( r) vs the reduced time dor Q = 0.01. The 
dots indicate the result of the simulation and the solid curve the analytical 
result (cf. Fig. 4). 
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that the correlation effect among nuclei could be an impor-
tant origin of such a large deviation. In fact, it makes the 
currents to be about 8% for Q = 0.0001 and about 10% for 
Q = 0.001 higher than the Cottrell equation at 7 = 8 (see 
Table II). 
As shown in I, the kinetic equation (3.1) has been de-
rived, to order K, from Eq. (2.5) by employing the coarse-
graining procedures; an averaging procedure over the nu-
cleus configurations and a systematic expansion procedure 
in powers of K. In order to confirm the validity of such an 
equation in the late stage, in Sec. V we have simulated the 
starting equation (2.5) itself. As shown in Figs. 8-10, the 
results of the numerical simulation are in good agreement 
with theoretical ones obtained by Eq. (3.1). Thus we see that 
the kinetic equation (3.1) is the asymptotic equation, which 
can describe the late-stage processes of the three-dimension-
al diffusion-controlled growth of hemispherical nuclei on a 
two-dimensional surface. 
The other feature of the present paper was to explore the 
dynamics of the fluctuation tJN(R,x;t) around the average 
motion f(R,t)explicitly. As shown in I, they are small as 
compared to the average motion; I tJN /f I ~ I {jJ ill ~KI/2. 
However, they are important since they cause a noticeable 
correction to the mean-field results through the correlation 
effect. They are also important since they may be observable 
as the current density correlation function 8Ik (t)2. We 
have shown that there are two kinds of macroscopic fluctu-
ations. The first is the initial fluctuation 8N(R,x;0) which is 
related to the thermal fluctuations already existing at the 
beginning. This leads to the scaled current density correla-
tion function ho given by Eq. (4.11). The second is the non-
thermal fluctuation generated by the correlation among nu-
clei. This leads to the correction term hI given by Eq. (4.12). 
The effect of th~se fluctuations on the normalized current 
density correlation function 5 has been shown in Fig. 5. We 
have also shown that the function 5 is scaled by two kinds of 
characteristic lengths, (R ) and I. Therefore, the long-wave-
length components of the fluctuation are governed by the 
processes with the length 1 and the short ones are dominated 
by the processes with the length (R ) [see Eq. (4.16)]. 
Finally, we emphasize the importance of the correlation 
effect among nuclei on the late-stage growth of the nuclei. It 
not only causes the size dispersion in the nuclei, leading to 
the appreciable corrections to the mean-field results but also 
generates non thermal fluctuations. This situation is exactly 
the same as that in the Ostwald ripening,19 where the corre-
lation effect was measured by two kinds of experiments; elec-
tron microscopic observation for the size distribution 14 and 
scattering experiments for the fluctuations. 19.2o Therefore, 
such an effect must be observable experimentally in the fol-
lowing measurements. The first is a measurement of the rela-
tive nucleus size distribution function F(p,r) by electron mi-
croscopic observation. The second is a measurement of the 
average current I(t) and the correlation function {jJk (t)2 
by electrochemical experiments in the electrodeposition of 
metals from molten salts. The third is a measurement of the 
structure function by light scattering experiments, which is 
given by a spatial Fourier transform of the correlation func-
tion of the composition fluctuations. A derivation of an 
equation for the structure function and the detailed analysis 
of such an equation will be discussed in a forthcoming paper 
together with a comparison with experiments. 
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